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A little about me…
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Question: 

What can topology tell us about graph theory?
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<latexit sha1_base64="OLkqCYSye3z4y93V8lThexacY5Q="></latexit>

Given a space X, we can associate to it topological invariants, namely its
homotopy groups ωn and homology groups Hn.

<latexit sha1_base64="ub9fDae6cBTHmvkFvAloaGzCBgo="></latexit> ...

ω3(X)

ω2(X)

ω1(X)

ω0(X)

<latexit sha1_base64="1JSQ4F4Qu4oXqc4q/OPnURglon0="></latexit> ...

H3(X)

H2(X)

H1(X)

H0(X)

<latexit sha1_base64="Pam9kUVvktUMAwrhs9GSR0oLaYc="></latexit>

Let Conn(X) of a space X denote the lowest k for which ωk(X) (and
consequently Hk(X)) is nonzero.

These “count” the n-dimensional “holes” of the space.
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Connectivity Conventions

Every Space

-2 Connected

Nonempty Space

-1 Connected

Connected Space

0 Connected

Simply Connected Space

1 Connected
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<latexit sha1_base64="JNMPdAGBljFob+Ewi2KsrPZOUc4="></latexit>

We call a continuous function f : X → Y between spaces a weak
equivalence if it induces an isomorphism ωn(f) : ωn(X) → ωn(Y ) on all of
the homotopy groups (and consequently the homology groups).

<latexit sha1_base64="Kowg/v5pKAp/n0B4CPxOb7p/TX8="></latexit>

The idea here is that we only care about spaces up to continuous deformation.

Image from TomRocksMath

https://tomrocksmaths.com/2021/08/09/interesting-shapes-why-is-a-doughnut-equivalent-to-a-coffee-mug/
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Idea of topological combinatorics:

Given a combinatorial object G (e.g. a graph), construct a space X out of it

Study the topology of the space X using invariants 

Learn something about the combinatorial object G
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I’m going to talk about the main theorem from my recent paper 

“Thomason-Type Model Structures on Simplicial Complexes and Graphs” 

Published in Applied Categorical Structures Volume 34, article number 12, (2026) 
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I’m going to talk about the main theorem from my recent paper 

“Thomason-Type Model Structures on Simplicial Complexes and Graphs” 

Published in Applied Categorical Structures Volume 34, article number 12, (2026) 

But first, I want to talk about some motivation.

My paper sprang out of an attempt to understand Lovász’s Theorem (1978) 

through the lens of modern homotopy theory.
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Theorem:[Lovász, 1978]
<latexit sha1_base64="sImvETheOSBGWUh+KcV5VzLeTX4="></latexit>

Given a loop graph G,

ω(G) → Conn (Cε (Lov(G))) + 3
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Chromatic Number

Topological Connectivity

Clique Complex Lovász Graph

<latexit sha1_base64="sImvETheOSBGWUh+KcV5VzLeTX4="></latexit>

Given a loop graph G,

ω(G) → Conn (Cε (Lov(G))) + 3

Theorem:[Lovász, 1978]



12

Chromatic Number

Topological Connectivity

Clique Complex Lovász Graph

<latexit sha1_base64="sImvETheOSBGWUh+KcV5VzLeTX4="></latexit>

Given a loop graph G,

ω(G) → Conn (Cε (Lov(G))) + 3

Theorem:[Lovász, 1978]

Let’s explain what all of this means!
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Note: Lovasz originally used a different construction, called the neighborhood complex 

Dochtermann (2008) showed that this is equivalent to the previous slide.
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Chromatic Number: How many colors do I need  

to color every vertex such that: 

No vertices of the same color are adjacent
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Chromatic Number: How many colors do I need  
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Chromatic Number: How many colors do I need  

to color every vertex such that: 

No vertices of the same color are adjacent

<latexit sha1_base64="HcELv+ZG0li77NO1qJMvTL+89K0="></latexit>

We let ω(G) denote the smallest number n
such that G is n-colorable.

We call this the chromatic number of G.



<latexit sha1_base64="Rsq2VbBkKzHgOzfFvntGGwF18sM="></latexit>

Def : An (undirected) loop graph G consists of a set V (G) along with a
symmetric relation E(G) → V (G)↑ V (G).

We call the elements of V (G) vertices. Given vertices x, y, we write x ↓ y if
(x, y) ↔ E(G). We say x and y are adjacent.

A loop graph homomorphism f : G ↗ H consists of a function
V (f) : V (G) ↗ V (H) such that if x ↓ y, then f(x) ↓ f(y).

f

<latexit sha1_base64="zKAMjSLa6LAFWfWQNe8+/gUzgyo="></latexit>

1

2 3

4
<latexit sha1_base64="KfJdU4tPMr2hcPKQzpWikAJGZ8s="></latexit>

a

b c

<latexit sha1_base64="X3xOgtUeyzon94Vel5lG+C4reBI="></latexit>

a →↑ 1

b →↑ 2

c →↑ 2
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<latexit sha1_base64="7wsKdz4Oi2Hsq9ZzeMn4dlCHodY="></latexit>

Def : A category C consists of a collection of objects and morphisms.

Every object must have an identity morphism, and there must be a notion of
composition of morphisms.

<latexit sha1_base64="ZkjbpvqinFe/cTOrvuUzIMSZ18o="></latexit>

Ex:

• The category Set whose objects are sets and morphisms are functions,

• The category Vect of vector spaces and linear maps,

• The category Top of topological spaces and continuous functions,

• The category Grω of loop graphs and loop graph homomorphisms.
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<latexit sha1_base64="Z+TSQxUuIdkVSYMwPRFvX3ThSto="></latexit>

Ex: Simple example V : Grω → Set. Takes a loop graph G to its set of
vertices V (G) and a loop graph homomorphism f : G → H to its underlying
set function V (f) : V (G) → V (H).

<latexit sha1_base64="2scTeVQnESviZpKnrUVnfcxfZ30="></latexit>

Def : A functor F : C → D between categories assigns objects to objects and
morphisms to morphisms, in a way that preserves identity morphisms and
composition.

<latexit sha1_base64="IbzqjU/JakLtSD8DXBKyv1JTMxw="></latexit>

1

2 3

4

G

<latexit sha1_base64="7Tn/YBoquizgpO8cBD83j6lFwAQ="></latexit>

1

2 3

4

V(G)↦
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<latexit sha1_base64="94bnMtzvddyH6ZetOxvaCQpj0XI="></latexit>

Def : We say a loop graph G is reflexive if every vertex has a loop. We let
Grr denote the subcategory of reflexive loop graphs.

<latexit sha1_base64="L5QomxRR/a6wo8BkJzV6Zz+6Fzs="></latexit>

Get a functor Grr ω→ Grω just given by inclusion of reflexive graphs into all
loop graphs.

Not reflexive

<latexit sha1_base64="LZ41nOcmY7abq346CGb5jYN5Spw="></latexit>

<latexit sha1_base64="EC+BJGm9sid6sKpsKKHqKeDVdfc="></latexit>

Reflexive
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<latexit sha1_base64="d7J9M4GIKw5FnpwcV3vKvh7LmOk="></latexit>

There is also a functor going in the opposite direction

Grω
(→)→→→→↑ Grr

<latexit sha1_base64="VqO8XYBmfbLuOrRxCN0UPzu/VJQ="></latexit>

If G is a loop graph, then G→ is its maximal reflexive subgraph.

<latexit sha1_base64="kjDu3amfYOIqhAUDXOEzn/muerI="></latexit>

G

<latexit sha1_base64="FbWq3MKjClNXgSCPDPQnlnrTwrU="></latexit>

<latexit sha1_base64="EiDmom9wGqFLefQAo9OLVvCZGIQ=">AAACJXicbVC7TsMwFHWAQgmvFkYWixaJhSrpUBgrMQBbkehDtKFyHKe16jiR7SCFqH/BCitfw4aQmPgVnDYDbTmSpeNz7tW997gRo1JZ1rextr5R2Nwqbps7u3v7B6XyYUeGscCkjUMWip6LJGGUk7aiipFeJAgKXEa67uQq87tPREga8nuVRMQJ0IhTn2KktPRQvX4cYCowrA5LFatmzQBXiZ2TCsjRGpaNwsALcRwQrjBDUvZtK1JOioSimJGpOYgliRCeoBHpa8pRQKSTzlaewlOteNAPhX5cwZn6tyNFgZRJ4OrKAKmxXPYy8T+vHyv/0kkpj2JFOJ4P8mMGVQiz+6FHBcGKJZogLKjeFeIxEggrndLCFEUnz+fYmx+SfRh1BRJJGoWSZulRPpqapg7OXo5plXTqNbtRa9zVK83bPMIiOAYn4AzY4AI0wQ1ogTbAgIMX8ArejHfjw/g0vuala0becwQWYPz8ApU6pH0=</latexit>

G→

↦
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Okay, so now we need simplicial complexes…

<latexit sha1_base64="+BaPndRyNlnFnjOht7F6fas0Dtg="></latexit>

Def : Given a set V (!), a simplicial complex on V (!) consists of a
collection ! of subsets of V (!) such that if ω → ! and ε ↑ ω, then ε → !.

<latexit sha1_base64="hCcccK5z87kZcTXdhFczAAGF92Y="></latexit>

1 3

2

<latexit sha1_base64="JuzxKKGHLfF/5Sj0YrweQ0MQhc0="></latexit>

V (!) = {1, 2, 3}

! = {1, 2, 3, 12, 13, 23, 123}
<latexit sha1_base64="wfW7Gc1iFr0ODMv1qF2nLhe1kJ8="></latexit>

1

2

3

4

5

<latexit sha1_base64="F79uxJk29/sVtgEwcgmruznsCBc="></latexit>

V (!) = {1, 2, 3, 4, 5}

! = {1, 2, 3, 4, 5, 12, 13, 14, 23, 24, 35, 45, 124, 123, 134, 234, 1234}
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<latexit sha1_base64="LGXPiim5imIvM0n/V7Qc5cmBLdo="></latexit>

Def : A morphism of simplicial complexes f : ! → !→ consists of a function
V (f) : V (!) → V (!→) such that if ω ↑ !, then f(ω) ↑ !→.

<latexit sha1_base64="wfW7Gc1iFr0ODMv1qF2nLhe1kJ8="></latexit>

1

2

3

4

5

<latexit sha1_base64="GA1S5hbGDrqfw4XiFdrqwl9mUd4="></latexit>

x

y

z

w
<latexit sha1_base64="n94hGVa970yrI5nCDArTeE+hvhI="></latexit>

1 →↑ z

2 →↑ x

3 →↑ y

4 →↑ z

5 →↑ w

f
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<latexit sha1_base64="8eJ6vntMKhNPF8Y81Iecw5ERSd0="></latexit>

Let Cpx denote the category of simplicial complexes.

<latexit sha1_base64="s4iE/HLmNF92CoCgN/CqqO6AdrE="></latexit>

Grr Cpx

ω

Cε

(→)→1

↑
↑

Get several functors
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<latexit sha1_base64="8eJ6vntMKhNPF8Y81Iecw5ERSd0="></latexit>

Let Cpx denote the category of simplicial complexes.

<latexit sha1_base64="s4iE/HLmNF92CoCgN/CqqO6AdrE="></latexit>

Grr Cpx

ω

Cε

(→)→1

↑
↑

Get several functors Inclusion

Take just the edges and verticesClique Complex
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<latexit sha1_base64="GGoCUFVq8Rzj+JjyqzeuWwMJqxo="></latexit>

Given a graph G, its Clique complex Cω(G) is the simplicial complex,
where we fill in every complete subgraph (clique) with a simplex.

↦

<latexit sha1_base64="SnPxZjpjUscpBJ4pNsrTyyQ7LdM="></latexit>

1 2

3

4 5

6 7
<latexit sha1_base64="fPYV6Ea+23k6InzCIO4Iic1bQ5U="></latexit>

1 2

3

4 5

6 7
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Summarizing:

<latexit sha1_base64="WbA+gf4uPs4B5WZdO+GOdtVEq4c="></latexit>

Grω Grr Cpx

(→)→

iω

Cω

(→)↑1

↑ ↑
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Need one last construction:
<latexit sha1_base64="OOg/Jqqd1lQGqaAtnA0y2jepH58="></latexit>

Def : Given loop graphs G and H, let HG denote their exponential graph.
This is the graph whose vertices are functions f : V (G) → V (H), and f ↑ f

→ if
for every edge x ↑ y in G, f(x) ↑ f(y) in H.

<latexit sha1_base64="1fRePEiZCJscC1v+9cB6xNLhe5w="></latexit>

0

1 2

<latexit sha1_base64="dF1aWq+rqGVsTTg7ad7/k31g/Jw="></latexit> x

y

<latexit sha1_base64="DC3wTUezAjH3zq0ISF9OxVxdmU0=">AAACMnicbVC7TsMwFLXLq4RXCxNiiWiRWKiSDoWxEgOwFUEfUhtVjuO0Vh0n2A5SiPoJrPAj/AxsiJWPwGkz0MKRLB2fe6/uPceNGJXKst5hYWV1bX2juGlsbe/s7pXK+x0ZxgKTNg5ZKHoukoRRTtqKKkZ6kSAocBnpupPLrN59JELSkN+rJCJOgEac+hQjpaW76lV1WKpYNWsG8y+xc1IBOVrDMjwceCGOA8IVZkjKvm1FykmRUBQzMjUGsSQRwhM0In1NOQqIdNLZrVPzRCue6YdCP67Mmfp7IkWBlEng6s4AqbFcrmXif7V+rPwLJ6U8ihXheL7Ij5mpQjMzbnpUEKxYognCgupbTTxGAmGl41nYoujk6Qx7cyPZh1FXIJGkUShpFhvlowWX6UNMdchTw9Bh2svR/SWdes1u1Bq39UrzJo+1CI7AMTgFNjgHTXANWqANMBiBZ/ACXuEb/ICf8GveWoD5zAFYAPz+Afx2qkc=</latexit>

G
<latexit sha1_base64="LikxArcYdu3lolsnAZpNsbni2rw=">AAACMnicbVC7TsMwFLXLq4RXCxNiiWiRWKiSDoWxEkvZiqAPqY0qx3VSq44TbAcpRP0EVvgRfgY2xMpH4LQZaOFIlo7PvVf3nuNGjEplWe+wsLa+sblV3DZ2dvf2D0rlw64MY4FJB4csFH0XScIoJx1FFSP9SBAUuIz03Ol1Vu89EiFpyO9VEhEnQD6nHsVIaemu2qqOShWrZs1h/iV2TiogR3tUhsfDcYjjgHCFGZJyYFuRclIkFMWMzIxhLEmE8BT5ZKApRwGRTjq/dWaeaWVseqHQjytzrv6eSFEgZRK4ujNAaiJXa5n4X20QK+/KSSmPYkU4XizyYmaq0MyMm2MqCFYs0QRhQfWtJp4ggbDS8SxtUXT6dIHHCyPZh1FXIJGkUShpFhvl/pLL9CGmOuSZYegw7dXo/pJuvWY3ao3beqV5k8daBCfgFJwDG1yCJmiBNugADHzwDF7AK3yDH/ATfi1aCzCfOQJLgN8//kOqSA==</latexit>

H
<latexit sha1_base64="e5cEz38UwlljNlcjoPzoXQjd+RM=">AAACNHicbVDLTsJAFJ3iC+sLdGXcNIKJG0nLAl2SuBB3mFgggUqm0ylMmE7rzNSkNnyDW/0R/8XEnXHrNziFLgQ8ySRnzr03957jRpQIaZofWmFtfWNzq7it7+zu7R+UyocdEcYcYRuFNOQ9FwpMCcO2JJLiXsQxDFyKu+7kOqt3nzAXJGT3MomwE8ARIz5BUCrJrrYebqrDUsWsmTMYq8TKSQXkaA/L2vHAC1EcYCYRhUL0LTOSTgq5JIjiqT6IBY4gmsAR7ivKYICFk86unRpnSvEMP+TqMWnM1L8TKQyESAJXdQZQjsVyLRP/q/Vj6V85KWFRLDFD80V+TA0ZGpl1wyMcI0kTRSDiRN1qoDHkEEkV0MIWSSbPF8ibG8k+lLgc8iSNQkGy4AgbLbhMH2OiYp7qugrTWo5ulXTqNatRa9zVK83bPNYiOAGn4BxY4BI0QQu0gQ0QIOAFvII37V371L6073lrQctnjsACtJ9fcxqrAQ==</latexit>

H
G

<latexit sha1_base64="avVoRFgnb2EtI4klWfA0UybVUjo="></latexit>
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<latexit sha1_base64="IyfvqJV3sAxVt9qyyWbamfQnsuQ="></latexit>

Its not super important to understand this definition. The graph H
G is

completely determined by the following property:

<latexit sha1_base64="4LfJ9b+kwDj7wfYRCJwBm12Fwa8="></latexit>

Given a loop graph K, there is a bijection

{K → H
G} ↑ {K ↓G → H}

<latexit sha1_base64="DlqJ+pEaxjZMWtLJiViAUm0J91g="></latexit>

This is called the internal hom in the category Grω.



32

Can now describe the Lovász graph
<latexit sha1_base64="JCcGEH7a93wtSnn8wdD1a+OBsKA="></latexit>

Lov(G) =
(
GK2

)→
<latexit sha1_base64="O5+TRINnC/QrE2u+O9SVcIWUeFw="></latexit>
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<latexit sha1_base64="X/PauHQs2/X1RmmaUOSM8KYjpZQ="></latexit>

When G = C4, Lov(G) is:

<latexit sha1_base64="08PAuWSRUR3gXwNk7LD5OUCNe/g="></latexit>

Vertices of Lov(G) are the directed edges of G.
Two vertices in Lov(G) are adjacent
if opposite ends are adjacent in G.
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<latexit sha1_base64="hyb6so1eEkBHVIkM9P9roYFMkiI="></latexit>
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<latexit sha1_base64="diVhFto6OnUAjJfqX2IoyAJMl6c="></latexit>

Since Lov(C4) is disconnected, so is Cω(Lov(C4)), hence
Conn(Cω(Lov(C4))) = →1. This gives a lower bound by Lovász’ theorem,

ε(C4) ↑ Conn(Cω(Lov(C4))) + 3 = →1 + 3 = 2,

which is tight in this case.
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So I was learning about the Lovasz Theorem, and I wondered if the following 
was true:

In the naive sense, I knew it was false.  

But I wondered if there was a model structure on loop graphs such that 

<latexit sha1_base64="kyk4kttVy2ZycDyjIC8jUaN4wyE="></latexit>

RHom(G,H) → Cω(H
G
)

Weak equivalence Space of continuous functions

<latexit sha1_base64="fzKiTCMXEzfefxvBcLC9lMzPj14="></latexit>

Cω((HG)→) → Top(Cω(G),Cω(H))
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<latexit sha1_base64="uJokbbWiFknVvLykQlYoj+BQN6Q="></latexit>

A model structure on a category C consists of collections of morphisms called
weak equivalences, fibrations and cofibrations that interact in a special way.

They are a way of obtaining a homotopy theory in a general category.

Think of them like a toolkit for studying invariants of objects.

<latexit sha1_base64="omV7MJ82QjglU5z1kwNI8fd/CTc="></latexit>

Given a category C with a model structure, called a model category, for any
pair of objects c, d → C there is a space one can cook up called the derived
mapping space

RHom(c, d)
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<latexit sha1_base64="7Wu8uKU/F9JXhsKW4bNs8grgl3k="></latexit>

Homotopy Theorists are interested in the model category of spaces Top.
However, nowadays, they use a combinatorial model of spaces called

simplicial sets. The category sSet of simplicial sets has a model structure,

and the two model categories are Quillen equivalent

sSet → Top.
<latexit sha1_base64="5QwPK5IMXsHkBYqmpyjUvnWWVBE="></latexit>

Simplicial sets are a lot like simplicial complexes, except their simplices are
totally ordered, and there can be loops and multiple simplices with the same
vertices.

<latexit sha1_base64="C4JSeFwfZ4UclFkc1Zind2mS818="></latexit>

<latexit sha1_base64="fMA0N1ttpH0ApBjSS9g4o/vsQy0="></latexit>

0

1

2

<latexit sha1_base64="MpsIzinVKBYVW0R1iyQtrRbw1mI="></latexit>

0
1

2
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I found that Matsushita (2016) had constructed a model structure on loop graphs

<latexit sha1_base64="CB0gWwe+iZ8iFQsaHlPOk1OkjEw="></latexit>

He constructed a functor Sing : Grω → sSet defined as follows. Given a loop

graph G, the set of n-simplices of Sing(G) is given by

Sing(G)n = Grω(Kn, G),

the set of maps from the n-clique to G.
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I found that Matsushita (2016) had constructed a model structure on loop graphs

<latexit sha1_base64="CB0gWwe+iZ8iFQsaHlPOk1OkjEw="></latexit>

He constructed a functor Sing : Grω → sSet defined as follows. Given a loop

graph G, the set of n-simplices of Sing(G) is given by

Sing(G)n = Grω(Kn, G),

the set of maps from the n-clique to G.

<latexit sha1_base64="CoPfWjyvUn/hBCYq3h2yJz2ODlw="></latexit>

This creates a very large, unwieldy space! However, it is easy to see when we

think of these as spaces that Sing(G) is weak equivalent to the clique complex

|Cω(G)| → |Sing(G)|.
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<latexit sha1_base64="5P5UzSUuo35wT32SxDqx0YdAkE8="></latexit>

Matsushita then transfers the homotopy theory from sSet → Top to Grω.
However, he actually needs to do something more subtle. He first shows that

there exists another functor A : sSet ↑ Grω, and then shows that the

following pair of functors

Grω sSet

Ex2Sing

A Sd2

→

allows you to transfer the homotopy theory. Here Sd
2
is the second

barycentric subdivision, and Ex
2
is kind of like its opposite, called extension.
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<latexit sha1_base64="GVf5iaQSRgoMPW9Rxwccq02odyE="></latexit>

Why do you need to barycentric subdivide twice, i.e. use Sd2?
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<latexit sha1_base64="GVf5iaQSRgoMPW9Rxwccq02odyE="></latexit>

Why do you need to barycentric subdivide twice, i.e. use Sd2?

<latexit sha1_base64="W7mllB7lSgREWX0KtqqlmHvMR0s="></latexit>

Given an inclusion of simplicial complexes K ω→ L, it turns out to be really
useful for some neighborhood of K in L to collapse onto K. If (K,L) has this
property, we call it an NDR pair.

<latexit sha1_base64="4pJTKv4y/u5VGun1KJyqpNGmeRY="></latexit>
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2
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<latexit sha1_base64="GVf5iaQSRgoMPW9Rxwccq02odyE="></latexit>

Why do you need to barycentric subdivide twice, i.e. use Sd2?

<latexit sha1_base64="W7mllB7lSgREWX0KtqqlmHvMR0s="></latexit>

Given an inclusion of simplicial complexes K ω→ L, it turns out to be really
useful for some neighborhood of K in L to collapse onto K. If (K,L) has this
property, we call it an NDR pair.

<latexit sha1_base64="4pJTKv4y/u5VGun1KJyqpNGmeRY="></latexit>

0

1

2 0

1

2

Not an NDR pair
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<latexit sha1_base64="78ICCq/+6ppB405MNWZXPsS04T8="></latexit>

Amazing fact: Given any inclusion K ω→ L of simplicial complexes,
Sd2(K) → Sd2(L) is an NDR pair!

<latexit sha1_base64="7HVuQ/niACIURkvvYCAK82tG15w="></latexit>

0

1

2

01

02

0, 01

01, 1

0, 02 02, 2
0

1

2

01 12

02

0, 01

01, 1

0, 02 02, 2

1, 12

12, 2

<latexit sha1_base64="/MK/KbRgJTILpI5gPHWdY3cWau0="></latexit>

Neighborhood nSd2(L)(Sd
2(K))
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<latexit sha1_base64="Uej2re0FVEJYJ//hsi8fR337UbM="></latexit>

Theorem[M. 2026]:
Matsushita’s construction factors through simplicial complexes and reflexive
graphs. The classical model structure on sSet transfers to each of the
following categories, and are all Quillen equivalent.

Grω Grr Cpx sSet

(→)→

iω

Cω

(→)↑1

Ex2 Sing

Re Sd2

↑ ↑ ↑

Furthermore, all of these model categories are proper, and there is a simple,
concrete description of the functor A as the composite iω → (↑)↓1 → Re.
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<latexit sha1_base64="o3sGXX5Cqo1C159r3rkP7hqvol8="></latexit>

I hadn’t seen this functor described in the literature, but it is very simple.

<latexit sha1_base64="1mY9nWWaS03OpH55zcFCIiccdek="></latexit>

What is Re : sSet → Cpx?
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<latexit sha1_base64="o3sGXX5Cqo1C159r3rkP7hqvol8="></latexit>

I hadn’t seen this functor described in the literature, but it is very simple.

<latexit sha1_base64="1mY9nWWaS03OpH55zcFCIiccdek="></latexit>

What is Re : sSet → Cpx?

<latexit sha1_base64="11UJMABW3ua24wFrJ4Z7czaODJE="></latexit>

Can be described categorically as a coend

Re(X) =

∫ n→!

Xn →!n

But much more simply: give the simplicial complex consisting of
nondegenerate simplices with distinct vertices.

<latexit sha1_base64="MpsIzinVKBYVW0R1iyQtrRbw1mI="></latexit>

0
1

2
<latexit sha1_base64="1rv3QIjOzDCiG6pS6WdmQp3DBfU="></latexit>

0 1

2
↦
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It turned out that my original conjecture, that with this model structure 

<latexit sha1_base64="aLSaWlHaAa0M3OO3ZvzEbkUNhrY="></latexit>

RHom(G,H) → Cω((H
G
)
→
))
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It turned out that my original conjecture, that with this model structure 

was false :(

But this theorem stands on its own, even if my motivating conjecture was incorrect.  

In fact, there is a corollary to this theorem that I find really interesting.

<latexit sha1_base64="aLSaWlHaAa0M3OO3ZvzEbkUNhrY="></latexit>

RHom(G,H) → Cω((H
G
)
→
))
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<latexit sha1_base64="0UVoNDLuusRMuNaC1XIKs1VwXFY="></latexit>

· · · → Hn(A ↑B) → Hn(A)↓Hn(B) → Hn(X) → Hn→1(A ↑B) → . . .

<latexit sha1_base64="mzmLBrViRmCcN+NPz1PfOMBBQyw="></latexit>

Let X,A,B be spaces such that X = A →B. The Mayer-Vietoris Sequence
is an exact sequence which tells you the homology of X in terms of the
homology of A, B and A ↑B.
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<latexit sha1_base64="0UVoNDLuusRMuNaC1XIKs1VwXFY="></latexit>

· · · → Hn(A ↑B) → Hn(A)↓Hn(B) → Hn(X) → Hn→1(A ↑B) → . . .

<latexit sha1_base64="mzmLBrViRmCcN+NPz1PfOMBBQyw="></latexit>

Let X,A,B be spaces such that X = A →B. The Mayer-Vietoris Sequence
is an exact sequence which tells you the homology of X in terms of the
homology of A, B and A ↑B.

It would be nice if this was compatible with the clique complex. 
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<latexit sha1_base64="VxDwxuOD4DrL1ZTH0hnwzRWak0c="></latexit> <latexit sha1_base64="gg9AHMp6IiSDJf/yyocXMViP8a0="></latexit>

H K

glue

<latexit sha1_base64="gzWeF52ts6g3wemx1y5WsqIHsFs="></latexit>

H ∪ K

<latexit sha1_base64="qrIC47bOcs4KkjZsUfOgCNqXH/s="></latexit>

Given graphs H and K, let’s glue them together to get H →K. But now, if we
compare Cω(H) and Cω(K) with Cω(H →K), the Mayer-Vietoris sequence is
not exact!
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<latexit sha1_base64="VxDwxuOD4DrL1ZTH0hnwzRWak0c="></latexit> <latexit sha1_base64="gg9AHMp6IiSDJf/yyocXMViP8a0="></latexit>

H K

glue

<latexit sha1_base64="gzWeF52ts6g3wemx1y5WsqIHsFs="></latexit>

<latexit sha1_base64="efcjpbt0hdVpI0T7DRXpuxk7gTU="></latexit> <latexit sha1_base64="6rgf6AzUvehqOHs0bapcST5Dhts="></latexit>

<latexit sha1_base64="A160Uuj/bgDVvwIslACm5+Kq4/8="></latexit>

Cω(H)
<latexit sha1_base64="xGg+wy9NceobWaC1O4V5FyP4TPE="></latexit>

Cω(K)

<latexit sha1_base64="/pcxKIHUvOeNeCfSi62jgi9I/CM="></latexit>

<latexit sha1_base64="YMEcDr1eLFtaEAK8mE2kV9f7iqU="></latexit>

Cω(H →K)

<latexit sha1_base64="XYBPc3RcEdx8f6kdSJvsy2xn23Q="></latexit>

H →K
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<latexit sha1_base64="efcjpbt0hdVpI0T7DRXpuxk7gTU="></latexit> <latexit sha1_base64="6rgf6AzUvehqOHs0bapcST5Dhts="></latexit>

<latexit sha1_base64="A160Uuj/bgDVvwIslACm5+Kq4/8="></latexit>

Cω(H)
<latexit sha1_base64="xGg+wy9NceobWaC1O4V5FyP4TPE="></latexit>

Cω(K)

<latexit sha1_base64="/pcxKIHUvOeNeCfSi62jgi9I/CM="></latexit><latexit sha1_base64="46ZXxzMI6O1Yyg7cRKmKUcX7z8w="></latexit>

<latexit sha1_base64="3IqyYWRvCapgz4zaYnNhDawhoIs="></latexit>

Cω(H →K)
<latexit sha1_base64="YMEcDr1eLFtaEAK8mE2kV9f7iqU="></latexit>

Cω(H →K)

<latexit sha1_base64="Za5D3o/oAgCsfGAtR8kMD+zHiG4="></latexit>

0 H1(Cω(H →K)) H1(Cω(H))↑H1(Cω(K)) H1(Cω(H ↓K))

H̃0(Cω(H →K)) H̃0(Cω(H))↑ H̃0(Cω(K)) H̃0(Cω(H ↓K)) 0
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<latexit sha1_base64="efcjpbt0hdVpI0T7DRXpuxk7gTU="></latexit> <latexit sha1_base64="6rgf6AzUvehqOHs0bapcST5Dhts="></latexit>

<latexit sha1_base64="A160Uuj/bgDVvwIslACm5+Kq4/8="></latexit>

Cω(H)
<latexit sha1_base64="xGg+wy9NceobWaC1O4V5FyP4TPE="></latexit>

Cω(K)

<latexit sha1_base64="/pcxKIHUvOeNeCfSi62jgi9I/CM="></latexit><latexit sha1_base64="46ZXxzMI6O1Yyg7cRKmKUcX7z8w="></latexit>

<latexit sha1_base64="3IqyYWRvCapgz4zaYnNhDawhoIs="></latexit>

Cω(H →K)
<latexit sha1_base64="YMEcDr1eLFtaEAK8mE2kV9f7iqU="></latexit>

Cω(H →K)

<latexit sha1_base64="Za5D3o/oAgCsfGAtR8kMD+zHiG4="></latexit>

0 H1(Cω(H →K)) H1(Cω(H))↑H1(Cω(K)) H1(Cω(H ↓K))

H̃0(Cω(H →K)) H̃0(Cω(H))↑ H̃0(Cω(K)) H̃0(Cω(H ↓K)) 0

<latexit sha1_base64="yr0Ub2HarznQ+c39IlNknYQknZI="></latexit>

0 Z Z→ Z 0

0 0 0 0
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<latexit sha1_base64="efcjpbt0hdVpI0T7DRXpuxk7gTU="></latexit> <latexit sha1_base64="6rgf6AzUvehqOHs0bapcST5Dhts="></latexit>

<latexit sha1_base64="A160Uuj/bgDVvwIslACm5+Kq4/8="></latexit>

Cω(H)
<latexit sha1_base64="xGg+wy9NceobWaC1O4V5FyP4TPE="></latexit>

Cω(K)

<latexit sha1_base64="/pcxKIHUvOeNeCfSi62jgi9I/CM="></latexit><latexit sha1_base64="46ZXxzMI6O1Yyg7cRKmKUcX7z8w="></latexit>

<latexit sha1_base64="3IqyYWRvCapgz4zaYnNhDawhoIs="></latexit>

Cω(H →K)
<latexit sha1_base64="YMEcDr1eLFtaEAK8mE2kV9f7iqU="></latexit>

Cω(H →K)

<latexit sha1_base64="Za5D3o/oAgCsfGAtR8kMD+zHiG4="></latexit>

0 H1(Cω(H →K)) H1(Cω(H))↑H1(Cω(K)) H1(Cω(H ↓K))

H̃0(Cω(H →K)) H̃0(Cω(H))↑ H̃0(Cω(K)) H̃0(Cω(H ↓K)) 0

<latexit sha1_base64="yr0Ub2HarznQ+c39IlNknYQknZI="></latexit>

0 Z Z→ Z 0

0 0 0 0Not exact
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The theorem before tells you how to get Mayer-Vietoris play nicely with clique complexes 

The key is double barycentric subdivision!
<latexit sha1_base64="efcjpbt0hdVpI0T7DRXpuxk7gTU="></latexit>

<latexit sha1_base64="6rgf6AzUvehqOHs0bapcST5Dhts="></latexit>

<latexit sha1_base64="A160Uuj/bgDVvwIslACm5+Kq4/8="></latexit>

Cω(H)
<latexit sha1_base64="xGg+wy9NceobWaC1O4V5FyP4TPE="></latexit>

Cω(K)

<latexit sha1_base64="/pcxKIHUvOeNeCfSi62jgi9I/CM="></latexit>

<latexit sha1_base64="dYfbuGsjtUR8k/UYJNVU/xLIigc="></latexit>

Cω(G)
<latexit sha1_base64="V2etNuZL3ZYmpV1EtsgD/9bLyOY="></latexit>

<latexit sha1_base64="dfLCUPGTi9emWWrfmY8gxWWJNj0="></latexit> <latexit sha1_base64="Fl4shBEi01jUwnNuw93jayLky1w="></latexit>

<latexit sha1_base64="ZoPmexuugPf/MFo1aa298/m3BbE="></latexit>

K̃ = (Sd2 Cω(K))→1

<latexit sha1_base64="DGaUi7nL8gom5GORL1jH/1GxfzA="></latexit>

H̃ = (Sd2 Cω(H))→1

<latexit sha1_base64="1hvEB6Z3cq8TtCJTfThLKwxlVRk="></latexit>

H̃ → K̃
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Now Mayer-Vietoris works correctly

<latexit sha1_base64="V2etNuZL3ZYmpV1EtsgD/9bLyOY="></latexit>

<latexit sha1_base64="dfLCUPGTi9emWWrfmY8gxWWJNj0="></latexit> <latexit sha1_base64="Fl4shBEi01jUwnNuw93jayLky1w="></latexit>

<latexit sha1_base64="Bh33ByvEeV5Oi8Lfife1lVhTG9Y="></latexit>

H̃

<latexit sha1_base64="1SdEHTm4NE9UVVMQPH1W41xR2bQ="></latexit>

K̃

<latexit sha1_base64="46ZXxzMI6O1Yyg7cRKmKUcX7z8w="></latexit>

<latexit sha1_base64="1hvEB6Z3cq8TtCJTfThLKwxlVRk="></latexit>

H̃ → K̃
<latexit sha1_base64="E1uAO4d/Jjjf6cJWvgpeTYO/WRo="></latexit>

H̃ → K̃

<latexit sha1_base64="K9buz1vE+oBZGRaiEcfFjDszmc8="></latexit>

0 H1(Cω(H̃ → K̃)) H1(Cω(H̃))↑H1(Cω(K̃)) H1(Cω(H̃ ↓ K̃))

H̃0(Cω(H̃ → K̃)) H̃0(Cω(H̃))↑ H̃0(Cω(K̃)) H̃0(Cω(H̃ ↓ K̃)) 0
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Now Mayer-Vietoris works correctly

<latexit sha1_base64="V2etNuZL3ZYmpV1EtsgD/9bLyOY="></latexit>

<latexit sha1_base64="dfLCUPGTi9emWWrfmY8gxWWJNj0="></latexit> <latexit sha1_base64="Fl4shBEi01jUwnNuw93jayLky1w="></latexit>

<latexit sha1_base64="Bh33ByvEeV5Oi8Lfife1lVhTG9Y="></latexit>

H̃

<latexit sha1_base64="1SdEHTm4NE9UVVMQPH1W41xR2bQ="></latexit>

K̃

<latexit sha1_base64="46ZXxzMI6O1Yyg7cRKmKUcX7z8w="></latexit>

<latexit sha1_base64="1hvEB6Z3cq8TtCJTfThLKwxlVRk="></latexit>

H̃ → K̃
<latexit sha1_base64="E1uAO4d/Jjjf6cJWvgpeTYO/WRo="></latexit>

H̃ → K̃

<latexit sha1_base64="K9buz1vE+oBZGRaiEcfFjDszmc8="></latexit>

0 H1(Cω(H̃ → K̃)) H1(Cω(H̃))↑H1(Cω(K̃)) H1(Cω(H̃ ↓ K̃))

H̃0(Cω(H̃ → K̃)) H̃0(Cω(H̃))↑ H̃0(Cω(K̃)) H̃0(Cω(H̃ ↓ K̃)) 0

<latexit sha1_base64="8Uic2DNDSc7Lvj3Mfm5OTqI2SlE="></latexit>

0 Z Z→ Z Z

0 0 0 0
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Now Mayer-Vietoris works correctly

<latexit sha1_base64="V2etNuZL3ZYmpV1EtsgD/9bLyOY="></latexit>

<latexit sha1_base64="dfLCUPGTi9emWWrfmY8gxWWJNj0="></latexit> <latexit sha1_base64="Fl4shBEi01jUwnNuw93jayLky1w="></latexit>

<latexit sha1_base64="Bh33ByvEeV5Oi8Lfife1lVhTG9Y="></latexit>

H̃

<latexit sha1_base64="1SdEHTm4NE9UVVMQPH1W41xR2bQ="></latexit>

K̃

<latexit sha1_base64="46ZXxzMI6O1Yyg7cRKmKUcX7z8w="></latexit>

<latexit sha1_base64="1hvEB6Z3cq8TtCJTfThLKwxlVRk="></latexit>

H̃ → K̃
<latexit sha1_base64="E1uAO4d/Jjjf6cJWvgpeTYO/WRo="></latexit>

H̃ → K̃

<latexit sha1_base64="K9buz1vE+oBZGRaiEcfFjDszmc8="></latexit>

0 H1(Cω(H̃ → K̃)) H1(Cω(H̃))↑H1(Cω(K̃)) H1(Cω(H̃ ↓ K̃))

H̃0(Cω(H̃ → K̃)) H̃0(Cω(H̃))↑ H̃0(Cω(K̃)) H̃0(Cω(H̃ ↓ K̃)) 0

<latexit sha1_base64="8Uic2DNDSc7Lvj3Mfm5OTqI2SlE="></latexit>

0 Z Z→ Z Z

0 0 0 0
Exact✓
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Summary: 

• Lovász showed us that topology can inform combinatorics, 

• Matsushita showed that there is a model structure on loop graphs, 

• I extended Matsushita’s result to simplicial complexes and reflexive graphs, 

• I also showed that the model categories are proper, which gives a way of “repairing” 
Mayer-Vietoris.
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Further questions: 

• Can these results be extended to other kinds of spaces obtained from graphs: 

- Cubical complexes for A-homotopy Theory, path complexes for path homology? 

• How do we compute arbitrary homotopy colimits of simplicial complexes? 

• What other graph constructions play well with the clique complex functor?
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Thank you for your patience!

Questions? Comments?

Email: eminichiello67@gmail.com 

Website: emiliominichiello.com

mailto:eminichiello67@gmail.com
http://emiliominichiello.com
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